In Part I of this paper, we introduced the Mason-Morrow shape factor and the corner half-angles to capture the part of geometry of angular capillaries essential in pore network calculations of singleand two-phase flow in drainage and imbibition. We then used this shape factor to obtain simple expressions for the hydraulic conductance in single-phase flow through triangular, rectangular, and oval capillaries. In Part II, we study two-phase fluid flow along angular capillaries. The nonwetting fluid occupies the central part of the capillary, whereas the wetting liquid fills the corners. First, we verify the numerical solution obtained by Ransohoff-Radke for concave corner menisci by using a high-resolution finite element method with zero and infinite surface shear viscosity. We present new numerical results for corner flow domains bounded by convex menisci, i.e., for pinned contact lines and forced imbibition. We also present numerical solutions for two-phase flow with momentum transfer across the interface. We introduce a dimensionless hydraulic conductance of wetting fluid in the corners and correlate it with the corner filament shape factor, corner half-angle, and contact angle. By appropriate scaling, we obtain an accurate universal curve for flow conductance in the corners of an arbitrary angular capillary and for arbitrary contact angles. We give error estimates of the Ransohoff-Radke flow resistance factors, of the Zhou et al. analytical expressions for the resistance factors, and of our universal curves for the hydraulic conductance with no-slip and perfect-slip boundary conditions at the interface. Our expressions for the hydraulic conductance in corner flow of wetting liquid not only are valid for both concave and convex fluid interfaces but also are more accurate than any other published correlation. C 2001 Academic Press
INTRODUCTION
Earlier studies of liquid flow along angular capillaries involved mostly two phases. The nonwetting phase occupies the central part of the capillary, whereas the wetting phase fills the corners. Using a finite element method, Ransohoff and Radke (RR) (2) solved the creeping flow of a wetting liquid along the corners of a capillary occupied predominantly by a nonwetting gas phase. They investigated the effects of pore geometry (corner half-angle and corner rounding), contact angle, and surface shear viscosity. Their solution was tabulated in terms of a dimensionless resistance factor defined as
where ∇p is the pressure gradient driving the liquid flow in the corner, r is the radius of curvature of the corner arc meniscus, and v is the average liquid velocity in the corner. The RR resistance factor is independent of the absolute size of the corner for a given geometry, but it has an unpleasant property of becoming infinite for a flat meniscus. More recently, Zhou et al. (3) presented an approximate analytical solution for liquid flow in a noncircular capillary. Their solution predicts liquid flow rates for both two-phase and threephase drainage. This solution is superior to other expressions in the literature based on the hydraulic radius and on the thinfilm flow approximation, but it is not nearly as accurate as the correlations proposed here.
Creeping flow of three immiscible fluid phases in angular pores involves intermediate oil filaments sandwiched between water in the pore corners and gas in the pore center. The geometry of such a flow and oil filament stability have been described by Dong et al. (4) . The hydraulic conductances in three-phase flow will be discussed in another paper.
In this paper, we derive accurate and simple correlations for the hydraulic conductance of corner filaments bounded by concave and convex interfaces that are rigid or allow perfect slip. Thus, our results are useful in predicting relative permeabilities not only in drainage and spontaneous imbibition with contact line pinning but also in forced imbibition with extreme hysteresis of contact angle.
TWO-PHASE CREEPING FLOW IN CAPILLARIES
When a nonwetting fluid is present in angular capillaries, it forms filaments along the corners of the capillaries (sometimes loosely and incorrectly referred to as "corner films") and is separated from the nonwetting fluid by translationally symmetric arc-menisci (AMs). Equation [1.12] in Part I (1) is now written for each fluid (wetting "w" and nonwetting "o"):
FIG. 1.
Velocity distributions for the no-slip case. The corner half-angle is 30 • , the contact angle is 0 • , the wetting phase saturation is 0.35, and the nonwetting-wetting fluid viscosity ratio is 10: (a), velocity contours; (b), velocity profiles along the bisector of the corner angle, with the meniscus position highlighted by the vertical line.
FIG. 2.
Velocity distributions for the perfect-slip case. The corner halfangle is 60 • , the contact angle is 110 • , the wetting phase saturation is 0.25, and the nonwetting-wetting fluid viscosity ratio is 0.1: (a), velocity contours; (b), velocity profiles along the bisector of the corner angle, with the meniscus position highlighted by the vertical line.
We assume that the bulk viscosities of the two fluids are constant, the interfacial tension is constant, and the buoyancy force is negligible in the duct; i.e., the Bond number is much less than one. With these assumptions the corner water filaments remain translationally symmetric and Eqs. [2.2] hold.
FIG. 3.
Velocity distributions with continuity of velocity and shear stress across the interface. The corner half-angle is 45 • , the contact angle is 70 • , the wetting phase saturation is 0.30, and the nonwetting-wetting fluid viscosity ratio is 1: (a), velocity contours; (b), velocity profiles along the bisector of the corner angle, with the meniscus position highlighted by the vertical line.
In this paper, we shall only consider a single corner of a polygonal tube; i.e., both fluids will have symmetric flow domains, j , bound by the tube walls, s, symmetry lines, sym, and AM, ow: j = s j ∪ sym, j ∪ ow .
We shall scale the spatial coordinates with the meniscus-apex distance b, and the fluid velocities with the wetting fluid viscosity and the respective average gradients of the driving force:
Equation [2.2] then becomes
Note that χ j , the hydraulic resistance factor for fluid j, is the inverse of the dimensionless average velocity defined in Eq. [2.3] . A somewhat different definition of the hydraulic resistance factor has been proposed by Ransohoff and Radke (2) , who used the meniscus radius of curvature, r p , instead of the inscribed circle radius as in Eq. [1.15] or the meniscus-apex distance as in Eq. [2.3] . In Ransohoff and Radke's formulation, the resistance factor goes to infinity as the meniscus becomes flat, but the ratio χ/r 2 p remains finite. Their scaling causes a severe loss of precision in the numerically determined resistance factors for almost flat menisci and makes it quite difficult to correlate the hydraulic conductance with capillary geometry and fluid properties.
In all cases, we shall impose a no-slip boundary condition along the duct walls and a no flow condition across the lines of symmetry:ṽ j = 0, on s j ∇ṽ j · n j = 0, on sym, j [2.5] where n j is the unit outward normal vector along j . We shall consider three different boundary conditions along the AM. The first boundary condition requires infinite surface shear viscosity of the interface, which becomes a (2); χ rc , are the resistance factors calculated here, but scaled with the meniscus radius of curvature; χ are the resistance factors scaled with the meniscus-apex distance; and % Deviation = |χ rc /χ RR − 1| × 100%.
The second boundary condition describes a liquid-gas interface (Fig. 2) , and the third describes two immiscible liquids separated by a clean interface (Figs. 3 and 4). In the former case, gas slips along the interface, and there is no momentum transfer across the AM:
In the latter case there is continuity in velocity and shear stress: The dimensionless velocities in Eq. [2.8] are scaled with respect to the driving pressure gradient in the fluid that drags the other. Because of the same scaling, no ratio of the respective gradients appears in Eq. [2.8] .
The average dimensionless velocities are calculated as follows:
The conductances are calculated from Eq. [1.13] specified for each phase
FINITE ELEMENT MODEL
A standard Galerkin finite element code, e.g., Refs. (5, 6), with triangular elements and linear basis functions was written (7) and implemented in MATLAB (8) . The only innovation is in the generation of triangular meshes that always follow the meniscus and domain shapes (Fig. 5) . A custom MATLAB program, employing Delaunay triangulation, was written to achieve 
Convergence
As the number of elements increases, the solution will become more accurate until it reaches a computer-specific limit, beyond which the difference between two consecutive solutions is small and random. One way of testing convergence is to plot the calculated hydraulic conductances versus the corresponding number of finite elements. Another is to plot the relative difference between two consecutive solutions,
, N 2 > N 1 = number of elements, versus the number of elements. Figures 6 and 7 show two examples of this approach for different corner angles, contact angles, and boundary conditions. As one can see, with about 6000 finite elements representing both flow domains, our solutions converge to machine precision: 64 bits in our case. This observation has been confirmed in every calculation presented here. In contrast, the finite element solutions of Ransohoff and Radke (2) had been obtained with fewer 3 elements and were not quite converged ( Table 1 ). The discrepancies between both sets of results are up to 4%.
In the case of continuity of shear stress across the interface, the flows of both fluids are coupled (9) . Neglecting gravity, we have
Of course, the Onsager reciprocity requires that coupling terms be g
To check the implementation of boundary condition [2.8], we solve the FE model twice. First, we set the pressure gradient in the wetting phase to 1 and that in the nonwetting phase to 0. Second, we do the opposite. We then compare the calculated coupling terms. The largest difference has been 1 × 10 −14 . The main reason for such a high accuracy is our grid, which has nodes precisely along the meniscus.
Calculation Times
Because the finite element mesh is adjusted to fit the meniscus shape and flow domain geometry, the computation time scales roughly as the number of elements to the power 1.75 and 2, respectively, for one-and two-domain calculations (Fig. 8) . Still, a 6500-element calculation takes about two minutes on a 330 MHz Pentium Pro computer running MATLAB 5.2.1.1240. 4 This time includes the generation of all plots and their encapsulated PostScript images.
RESULTS

Infinite Surface Shear Viscosity
We assume that each AM surface is laden with surfactants and rigid, resulting in the no-slip boundary conditions along the pore walls and the meniscus (see Table 2 ). The dimensionless corner flow conductances have been calculated for a variety of corner half-angles and contact angles (Fig. 9) .
With b = 1, the dimensionless flow cross-sectional area and shape factor of the corner filament are calculated as follows:
[2.14] We propose to scale the dimensionless hydraulic conductance of the corner liquid filaments as follows:
In the no-slip case, e 1 = 7/8 and e 2 = 1/2. Equation [2. 15] yields a universal curve when plotted versus shape factor (Fig. 10) . The structure of scaling in Eq. [2.15] can be explained as follows. All curves in Eq. [2. 15] converge as the shape factor approaches that of circle,G = 1/4π ≈ 0.08. Hence, the middle factor in the first term on the right side of Eq. [2.15] compensates for the deviation of shape factor from that of a circle. The third factor in the first term in Eq. [2.15] compensates for the deviation of corner geometry from that of an equilateral triangle corner. In Eq. [2.15], the curves for the 45
• and 15
• corner half-angle are close to each other, as are those for the 60
• and 10
• corner half-angles. The last term on the right side of Eq. [2.15] moves the β = 72
• corner half-angle points onto the universal curve. For each corner half-angle, the scaling in Eq. [2.15] produces a slightly curving line. The respective lines nearly overlap and they can be approximated by a single quadratic function of the shape factor,g
The dimensional hydraulic conductance in corner flow is obtained by multiplyingg w with the corresponding b 4 /µ w .
The results of approximating the hydraulic conductances for each corner half-angle with the quadratic expressions [2.16] are shown in Fig. 11a and are listed in Table 3 . The mean absolute error of these approximations is 1.02% (Fig. 12a) . A single master-curve approximation is in turn compared with the finite element results in Fig. 12b . The mean absolute relative error of the latter approximation is 6.6%; however, for wide corner half-angles of 60
• and 72
• , and large contact angles, the relative error is 2-3 times larger (Fig. 12b). 
Zero Surface Shear Viscosity
Here we assume that no momentum is transferred across the interface, i.e., a perfect slip condition exists and the surface shear viscosity is zero. Correlation [2.15] holds, but the exponents are now e 1 = 1 and e 2 = 0. The calculated hydraulic conductances are listed in Table 4 and are shown in Fig. 13 .
The quadratic approximations are listed in Table 5 , plotted in Fig. 14 , and compared with the finite-element calculations in Fig. 15 . The mean absolute relative errors of the approximations are shown in Fig. 16 . The quality of the approximations is not as good as in the no-slip case. The mean absolute error of individual approximations is 2.2%, while that of the master curve approximation is 15.9%. The main reason is that the correlation [2.15] does not collapse the sharp-corner conductances in the perfect-slip case as well as in the no-slip case.
Zhou et al. Analytical Expression for Resistance Factor
Zhou et al. (3) presented an analytical solution for liquid flow along corners of angular capillaries and derived expressions for the flow resistance factors in two-and three-phase drainage with no-slip and perfect-slip conditions at the interfaces. Their results are compared in Fig. 17 with the corresponding finite element solutions at zero contact angle and for sharp corners. In two-phase flow, the mean absolute error of the Zhou et al. approximations is 35% in the no-slip case and 22% in the perfect-slip case. Thus, we find that in two-phase flow the scaling proposed here is superior to the expressions proposed by Zhou et al.
Shear Stress Continuity
Finally, we consider the flow of two clean immiscible liquids and impose continuity of velocity and shear stress across the AM. First, we examine the hydraulic conductance of a perfectly wetting fluid as a function of its saturation and the ratio of the nonwetting to wetting fluid viscosity (Fig. 18) . The wetting fluid is under the unit pressure gradient, and it drags the nonwetting fluid under the null pressure gradient. For the corner half-angle of 10
• , the conductance is almost independent of saturation. As the viscosity ratio increases, the conductance decreases because of viscous drag exerted by the nonwetting fluid. For a wider corner half-angle of 30
• , the conductance is higher and there is some dependence on saturation at the higher wetting fluid saturations. The universal correlation of hydraulic conductance for the continuous velocity case will be presented in a separate paper.
CONCLUSIONS
1. To calculate the hydraulic conductances of two immiscible Newtonian fluids, one preferentially wetting the solid surface, we have written a finite element program that describes the twophase, creeping, isothermal flow in polygonal capillaries with no-slip, perfect-slip, and continuity of velocity and shear stress at the fluid interface. The program has been implemented in MATLAB .
2. Our program automatically generates uniform Delaunay triangulations of the flow domains with the interface nodes that follow exactly the fluid interface. This property of our meshes makes the finite element solutions converge to the same degree of accuracy with about the same number of elements, regardless of the geometry of the corner and the meniscus, and regardless of the boundary condition at the interface. We have found that close to 6000 finite elements suffice to reach machine precision in two fluid-domain calculations.
3. We have tested thoroughly the convergence properties of our solutions and compared our wetting fluid conductances in sharp corners bound by concave menisci with the classical results of Ransohoff and Radke (2) . We have found that their coarser-grid solutions differ from our converged solutions up to 4%.
4. The new results for the hydraulic conductances in corners bound by convex menisci with no-slip and perfect-slip boundary conditions have been listed. 5. With the velocity and stress continuity at the interface, the coupling coefficients are the same to within 10 −14 . The conductances of a perfectly wetting fluid dragging a nonwetting fluid have been plotted as functions of saturation, viscosity ratio, and corner geometry.
6. In two-phase flow in a polygonal capillary, the hydraulic conductance can be correlated with the corner filament shape factor, corner half-angle, and contact angle. The simple correlations proposed in this paper are very good for the no-slip boundary condition at the interface and reasonably good for the perfect-slip boundary condition.
7. Our correlations of hydraulic conductance of wetting liquid in two-phase flow are superior to those proposed by Zhou et al. (3) .
8. Our correlations in corner flow bound by concave or convex menisci are simple and can be used in the computationally intensive large pore-network simulations of drainage and imbibition with contact line pinning and contact angle hysteresis. 
APPENDIX: NOMENCLATURE
